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1 Introduction to transfer operators
This is only a concise primer, for more information, see |1} [2].

1.1 Discrete case

We start from the discrete Markov chain for simplicity. Let X = {x1,...,2x}. A one-step Markov
transition is given by the kernel (matrix)

P(y|z), > P(y|lz)=1.
Yy
Given an initial distribution . (row vector with p(z) > 0, > p(x) = 1), the final distribution after

one step is
Zu P(y | z)

For an observable f : X — R, the stochastic Koopman operator is
r)=> P(y|z)f(y)
Yy
Equip the input and output spaces with the weighted inner products

(u,v)p =Y u@)o@) plz),  {uv) =Y uly)v(y) v(y).

z Yy

The adjoint of K w.r.t. (11, v) is the operator KT : L?(y) — L?(v) defined by

<]Cf7 g>,u.: <f7 ]CT9>V forall f?g
A direct computation yields, for any y with V( ) >0,

(KTg)( Zu P(y | x)g(a). e))

In matrix form, with D, = diag(p) and D, = diag(v),
K' = D' PT D,.
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The reverse-time kernel proposed by [3] is given by
P|y) = ="

Then (T can be rewritten as

K'o)y) = > Pz |y)g(x),

ie., KT is precisely the Koopman operator for the reverse-time Markov step y — x ~ P(- | y)
associated with pushing p forward to v = pP.

Special cases. If 4 = v = 7 is stationary and the chain is reversible (7(z)P(y | ) = n(y)P(z |
y)), then P(x | y) = P(x | y) and KT = K (self-adjointness in L?(r)).
1.2 Continuous case

Let (K¢)¢>0 be the Koopman semigroup with transition density p;(y | z):
(uf)(w) = ELFXDIXo =] = [ 1) puly | o) d,

KKy = K.

Given an initial distribution p (measure or density), the pushed-forward distribution at time ¢ is

w(dy) = [ uldo)ply | 2)dy.
With (u,v), = [u(z)v(z)p(dz) and (u,v),, = [u(y)v(y) v (dy), the (u, 14)-weighted adjoint
Kl : L2(1) — L%(1y) satisfies
(Kef, 9hu = {F, Kig)u:
and is given by the reverse-time Koopman operator
) B . 5 (@) pe(y | 2)
Kigly) = [ 9(@)pi(x [y)de,  pi(z]y) = Ry — 2

Thus the adjoint w.r.t. (i, 1) is the Koopman operator for the time-reversed process at horizon ¢
determined by .

Consider an SDE dX; = a(X;)dt + v/D dW,. The generator of the Koopman operator can be
calculated using It6’s formula as

L Kef(@) = f(@)
t

t—0
=a(z) - Vf(z) + 3 V- (DVf())

=L f(z).

Thus, we obtain the equality K, = L',



2 The invariant measure

Here we prove that the distribution given by Eq. (14, main text) is invariant under the action of the
forward Kolmogorov operator, Eq. (11, main text):

Lo0(x) = = V- [Axpo(x)] + 5V - [DVpo ()]
—[- Tr(A) + xTATE % — % (DX ) + %XTE_lDE_lx]po(x)
= Te(4) — 5 TH(DS o) @
=— %Tr(A —SATE ) po(x)
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where the Lyapunov equation, Eq. (15, main text), was used to obtain the 3rd and the 4th line.

3 Singular Spectrum of the SKO for OU processes

In order to find the singular functions of the SKO, we search for the eigenfunctions of the Forward-
backward and the Backward-Forward operators:

F, = e diag(po) ' e*" diag(po) B, = diag(po) ‘e~ diag(po)e”'™ (5)

where diag(pg) ~'e“7diag(po) is termed the reweighted Perron-Frobenius operator, which shares the
domain with the SKO.

3.1 Linear eigenfunctions
We start by considering candidate eigenfunctions that are linear w.r.t. the input state:
g(x) = 0'x, (6)
where 6 € R™. The actions of diag(po) ~!Ldiag(po) and LT on gg(x) are given by
diag(po) " Ldiag(po)ge(x)
=po(x) [V - (Axpo(x)0 " x) + %DO"B 0205 (po(x)0 " x)]

(7N
=0T Ax —x"S7IDO + po(x) 710" xLpo(x)
=(2714A%0) Tx,
LYqq(x)
=(Ax)"V(0"x) ®)
=(AT0)"x,

where the Lyapunov equation, Eq. (15, main text), and invariant density annihilation, Eq.(@), were
used.

Then the actions of diag(po) ™' e diag(po) and £ on gg (x) are given by

diag(po) ' e~ diag(po)go (%)

=diag(po) " ; Z,T diag(po)qe (x)
- zflAziiz v
T
:(Z TG)Tx

=0
=(2teA750) Tx,



T
eL ‘rqa (X)

X [ligi
= “w(x)
i=0

1.
o0 AT Vi (10)
=0
:(eATTG)TX.
Combining  Eqs.@)(I0),  denoting the matrices exp(A'7)X lexp(AT)Y  and
Yl exp(AT)E exp(AT 1) by P and Q, respectively, we have
Frqo(x) = qro(X), Brqo(x) = qqo(x). (11)
Rewriting Eq. (18, main text) as
Pv; = \v, Qu; = N, (12)
we obtain a set of linear eigenfunctions of the forward-backward and the backward-forward operators:
Frdo, (%) = N qu, (%), Brgu, (x) = Aqu, (). (13)

So long as each set of eigenvectors are linearly independent, this method obtains all linear eigenfunc-
tions F, and B;. This is because the dimensionality of the subspace spanned by linear functions is
equal to n, which equals the number of eigenfunctions found.

We note that our calculations apply regardless of the stability of the dynamics, i.e. whether the real
parts of the eigenvalues of A are positive or negative. For stable A, all {\?} are less than one. The
sign of the eigenfunction with the largest A7 partitions the state space into the minimally mixing
coherent sets relative to the invariant density. For unstable dynamics, an invariant density in the form
of Eq. 14 of main text persists (ableit not normalizable) and all {\?} are greater than one. In this
setting, the sign of the eigenfunction with the smallest A? partitions the state space into the minimally
mixing coherent sets relative to the invariant density. Intuitively, one can view the unstable forward
dynamics as a stable dynamics backwards in time of the dual variables [3} 4} 5]

3.2 Quadratic eigenfunctions
Here, we consider candidate eigenfunctions that are up to the second order in the input state:
qme(x) =x" Mx +c, (14)

where M is an n X n symmetric matrix, c is a scalar. It will soon become clear why we need an extra
constant scalar rather than a linear term in the function. Since Lc = Lfc = 0, gas(x) will be used in
the derivation below for brevity.

We first determine the actions of diag(po) ~*Ldiag(po) and LT on gas(x).
diag(po) " Ldiag(po)gar (x)
1
—=po(x) =V - (Axpo(x)x " Mx) + §Da68a65 (po(x)x " Mx)]
= —2x MAx — 2x' S~ 'DMx + Tr(DM) (15)
=2x ' N1 AY Mx — 2 Tr(AXM)
=x" (S7TASM + MEZATS Hx — 2 Tr(AXM),
Llqu(x)
=(Ax)"V(x"Mx) + %Do‘ﬁﬁaaﬂ(xTMx) (16)
=2x " AT Mx — 2Tr(AXM)
=x"(ATM 4+ MA)x — 2Tr(AXM),



where the Lyapunov equation and the fact Lpg = 0 have been used.

‘We noticed that

(LY2qu(x) =x " ((AT)>M +2AT M A + M A?)x + const.
(LY2qn(x) =xT((AT)3M +3(AT)>MA + 3AT M A% + M A®)x + const.
a7
(L™ qu(x) =x" (O CLAT)" " MA")x + const.
i=0
Thus, the action of ¢’ on qm (x) is given by
chr _ LT - T - l T\m—1 [
e~ Tqm(x) =x (mZO o ; 1AM AY)X + const.
m 7 m 7 AZ i 18
Z Z M S )x + const. (18)
i=0 m=1 ( v
=x" (e AT TMeAT)x 4 const.
Similarly, the action of diag(po)~'e*"diag(po) on g (x) is given by
diag(po) " L™ diag(po)qar(x) = x | Z Cl ST AT TS MBS (AT S )x 4 const. (19)
diag(po) ~te“diag(po)qas (x) = XT(EfleATEMEeATTEfl)X + const. (20)
Finally we have the actions of F.- and B, on ¢qps(x):
Frau(x) =x" (PMPT)x + const. (21)
Brqa(x) = x"(QMQ " )x + const. (22)
With careful choice of the constant term, we obtain a set of quadratic eigenfunctions
FTqviU.T (X) = /\Z‘lqv“)—r (X)
(23)
‘FTqvlvT-&-v v ( ) - )‘2)‘ qviv;-ﬁ-vjv;r (X)7
(24)

BTquluTJru u ( ) )‘2)‘ Qu-uTJru:uT(X)‘

Since the number of eigenfunctions ( n“ ) is equal to the dimensionality of the subspace spanned

by n X n symmetric matrices, we obtamed all quadratic eigenfunctions. For attractive dynamics,
0 < A2 < 1, so their eigenvalues are less than the greatest eigenvalue of linear functions. For
repulsive dynamics, A? > 1, so their eigenvalues are greater than the smallest eigenvalue of linear
functions.

3.3 General situation

On R" consider a symmetric k-linear form Mj, : (R™")®¥ — R such that My (v, @ v2 @ ...vp) =
My (Vo(1) ® Vp(2) ® ...V (1)) for any permutation o € Sy. Its matrix representation is given by

M,ﬁllz"'l’“ = My(er, ® er, ® ...eq, ) where {e; : i = 1,2...n} is the standard orthonormal basis of
R™. Then we can consider k-th order tentative eigenfunctions of the form:

ahr(x) = My(x®%) + O(k — 2), (25)

where O(k —2) denotes a (multivariate) polynomial up to the (k —2)-th order. Similar to the quadratic
case, the eigenvalue is solely determined by the leading term. Thus, it is sufficient to analyze the
actions of operators on M.



The actions of diag(po) ! Ldiag(po) and LT on M}, (x®*) are given by
diag(po) " Ldiag(po) My (x*¥)

o)™ [V (Axpo(x)Mi(x*)) + 3V - (DY po ) Mi(x°))]

= (A, VM) + (V log po(), DYM(x)) + 5V - (DM, (x))

=(—(A+ DX x, VM, (x®%)) + O(k — 2) .
=(ZATY 1%, VM (x%%)) + O(k — 2)
k
=" My x; (S7RAR)(xF) + O(k — 2),
) LM, (x®2F)
—(Ax X®/€ 1 . x®k
_</: VM (x28)) + 5V - (DV My (x*5)) @7
:ZMk x; AT (x®F) + O(k — 2),

where the Lyapunov equation and the fact Lpy = 0 have been used. x; denotes tensor mode product:
(T Xn A)ilw--;inl ;j77;n+1a<-~77;k = Zin A.”n Elv---ai7lv-~-7ik SatiSfying the fOHOWing algebra'

TXiAXiB:TXi<BA),

Then we can determine the actions of finite-time operators on M, (x®¥).

k k k
(L Mp(x®F) = Y 3> Myoxg, AT xi, AT xG AT(xEF) + Ok —2),  (29)

im=1 dp=li1=1

SLTTMk (X®k)

& m(rtym

=3 LA M (x=)
m!

m=0

= i i Tm( " k—1 ) (30)
| _ k-l
{l1,l2,...lx_1}=0 m:Zf;f L m!: l1> l2, Ceey lkfh m Zi:l lz
My %1 (ATY o (AT) 2 xp_y (AT)1 gy (AT 205 b (x®%) 4 O(k — 2)

=M, x1 e T xa et T X, eATT(X®k) + O(k — 2).

Similarly,
diag(po) e diag(po) My, (x*) 31)
=M, x1 (272eA78) x5 (27178 xp (27 E) (x%F) + O(k — 2).
Then the actions of F and B, on Mk(x®’“) follow as
Fr My (x%%) = My, x1 P x4 P... X3 P(x®%) + O(k — 2), (32)
B My (x®%) = My x1 Q x2 Q... x; Q(x®F) + O(k — 2). (33)

We therefore obtain a set of k-th-order eigenfunctions of F.- and B;:

K
f‘quzaesk UIU(I) ®v10(2) ®"'7)Ia(k) (X®k) = (1_.[ Ai )quaeSk 1;10(1) ®U10(2) ®...1)10<k) (X®k)7 (34)
i=
k
BquEueSk ujo(l) ®u10(2) ®...u16(k> (X®k) = (l_[l Ai )qugesk uIUO) ®u10<2) ®.4.u10(k) (X®k)' (35)
i=
Again, these eigenvalues are less than the greatest eigenvalue of linear eigenfunctions for attractive
dynamics and greater than the smallest eigenvalue of linear eigenfunctions for repulsive dynamics.



4 Orthogonality analysis of singular vectors for OU processes

This section proves that asymptotically the top predictive mode converges to the top left eigenvector
and the bottom retrospective mode converges to the bottom left eigenvector. This helps us understand
the 2d saddle-point example in Fig. 1 and provides analytical support for the orthogonality analysis
of data in Figs. 2 and 3.

4.1 Top eigenvector

We start from the definitions of eigenvectors of transfer operators:
AR ATy, = A2y, RleATSed Ty, = A2u,. (36)
Notice that .
(eA TE_leATZ)TEvi

=5t TS ATy, (37)

=\%v,.
Thus, {v;, Xv;} is a pair of right and left eigenvectors of eA TS "1eATS Similarly, {u;,Yu;}isa
pair of right and left eigenvectors of SNleArseA’ T, Therefore, uZ-TZuj = viTEvj =0fori # j.

Also notice that . -
eA T(Z—leATZeA Tui)

:(eATTE*IeATE)eATTui (38)
:AfeATTui.
Thus, v; eATTul-. Under proper normalization, these results can be summarized by
VISV =1d, UTSU=1Id, ¢* "U=VA, (39)
where U[:, ] := u;, V[, i] == v;, Aj; == d;;\;. Thus, we have
AT VAU = VAUTE, (40)
A =SUAVT =D ASuv] 41)

On the other hand, we have the eigen-decomposition

AT — Z e% Tl (42)
i

where a; is the eigenvalue of A, r; and 1; are right and left eigenvectors of A, respectively. We
consider the asymptotic limit as 7 — oo, where the leading rank-1 term of ™ dominates. Comparing
the leading terms of Eq. (@I)) and Eq. (@2)), we have

vixly, Yup xrg. 43)

Thus, the top predictive mode is orthogonal to every eigen-direction except the most repulsive
direction. In particular, v; is orthogonal to the stable manifold.

4.2 Bottom eigenvector

Notice that under the transformation A — — AT, we have
eA‘r *)[6AT}7T
=[XUAV T
—UAVTS “4

:Z )\i_lui(Evi)T.



And the eigen-decomposition becomes

e AT = > e i/, (45)

Similar to the first section, by matching the leading rank-1 term under the 7 — oo limit, we have
YoV X Ty, Uy <y (46)

Thus, the bottom retrospective mode is orthogonal to every eigen-direction except the most attractive
direction. In particular, u,, is orthogonal to the unstable manifold.

5 Galerkin approximation of transfer operators [2]

Real neurons are exposed to only a finite number of channels or synaptic inputs. Mathematically,
this means that it can only have access to a finite collection of observables, which we write as the
Galerkin projection, referring to the projection of the SKO onto the linear span of these accessible
measurement functions. Let

d
F={fx)fx) => abix) =2 ¢(x)}, (47)
=1

denote the linear span of a finite set of basis functions {¢;}¢_,. Since each f € F is uniquely
determined by the coefficient vector ¢ € RY, the space F is naturally isomorphic to RY. Given
some inner product, any linear operator A : F — F admits a matrix representation A : R¢ — R?
satisfying

[A & d)(x) = (47) - §(x), (48)
where A = ()% 4 and
i = (¢, b5), (Zalij = (¢, Ag;). (49)
For functions f = & - ¢ and g = &, - ¢ in F, the inner product reduces to
(f,9) = ¢ - Xcj. (50)

This motivates the Galerkin projection of the SKO, which is a linear operator describing the appli-
cation of K, followed by projection onto F. This operator maps F to itself, and admits a matrix
representation, [2} 6]

K, =) "%, (51)

where ¢; are assumed to be linearly independent such that 3 is invertible. To specify K, entirely,
one must define the inner product.

For a statistically stationary process with invariant density p(x), a natural inner product is defined as

1

Wl

S
(f.9) = /X F09(x)p()dx = B[ (X)g(X)] ~ = 3 F(X(t)g(X(t)). (52

The final approximation highlights the motivation for this choice in a data-driven context: the inner
product can be computed directly from samples X (t5) ~ p(x) drawn from the process. Using this
inner product

S
> ¢i(X(t))g;(X(ts + 7)) (53)

Nl —

S
Sy ~ ¢ S SXENG X)), [Fx iy~

describe the correlation between measurement functions ¢ and j measured instantaneously, or with
delay 7, respectively. Both Yx_ and ¥ =1 are simple to compute in biologically plausible online
schemes.



6 Equivalence between CCA and coherent sets for Stable OU Process

This Section proves that the analytical approach to coherent set projection by finding the subdominant
singular function is equivalent to the data-driven Galerkin projection [2], which is also equivalent to
information bottleneck and canonical correlation analysis [7]], for stable OU processes.

Proposition 1. For stable OU processes, the theoretically predicted filters agree exactly with the
CCA solution. That is,

CylC.CilC_, =TS ey, Ol C, = N e e T (54)
Proof. The solution of an OU process is given by

t
X, = / e3¢ (s)ds. (55)

— 00

We can then directly calculate the covariance matrices as follows.

Co = E(X, X))
/ / A(t S)E )g(Sl)T}eAT(t_S/)deS/

= / / A= Do(s — s’)eAT(t_s/)dsds'
t
= / eAlt=9) DA’ (t=5) g (56)
_ ! A(t—s) Ty, AT (t—s)
=— e (A 4+ 3A e ds

— 00

ds

t d[eA(t—s)EeAT(t—s)]
N / ds

— 00

=3,

C, _EXtX;T)
= [ A e T s

—C’eAT

T
=EeA T,

(57)

C_, =E(X,X, )
t—1
/ / ACIE[E(s)e(s)) TIeA 0= dsds’ .

— eATCO
=AY

From these equalities one can straightforwardly derive Eq. (54), showing that, for stable OU
processes, our analytical method is equivalent to the data-driven method for finding the subdominant
eigenfunction. Q.E.D.

7 Experimental Data Analysis

7.1 Dead Leaves Model Simulation

The plateaued stimulus used in Figure 2A was generated by concatenating tanh functions with
varying amplitude, time constant, and bias and sampled at unitary time steps. In Figure 2, the time on



the x axis is shown in the time steps of the dataset. To construct the lag vectors necessary to estimate
the past and future temporal filters, the dataset was sampled by a sliding window 10 time steps long.
The mean-centered lag vectors were processed by CCA.

7.2 Tufted/Mitral Cell Dataset

Data were taken from [8]. Briefly, anesthetized rats were presented with time-varying stimuli of
multiple odors while tufted/mitral cells were recorded with extracellular tetrodes. For each odor-cell
pair, an odor kernel best describing the response of a cell to a brief odor pulse was estimated. Kernels
were estimated at 20 Hz with a total length of 2 seconds.

Kernels were parametrized as Gabor functions of the form

K(t)= ae' 7(7‘;‘77))2008(271'(]( +t—7)+¢)
with a, 7, w, f, and ¢ as free parameters.

Here, we further set all kernel values with a magnitude below 0.005 to zero (to remove noise) and
normalized all kernels to have unit #2 norm.

7.3 Retinal Ganglion Cell Dataset

Data were taken from [9]]. Briefly, retinal ganglion cells were recorded using an electrode array
during display of high contrast gaussian white noise. Spatio-temporal receptive fields (STRFs)
were estimated using reverse correlation. For each cell, we extracted its temporal receptive field
by computing a rank-1 decomposition using the SVD. This rank-1 approximation accounted for
approximately 60% of the variance of the STRFs. Temporal kernels were estimated at 200 Hz with a
total length of 0.5 seconds. Temporal receptive fields were then parameterized and normalized using
the same procedure as above (Tufted/Mitral Cell Dataset).

Retinal Ganglion Cells
S [ 100" v i

@ )
1072 ;
02
L [
0201 0 _\/_7A 0201 0 L7 0201 0 M
Time (s) Time (s) Time (s)

Figure S1: Sample temporal receptive fields from three retinal ganglion cells in the salamander retina.
As in Figure 3, the black lines indicate individual linear filters of different neurons, the solid colored
lines indicate exponential that are orthogonal to the filters, and the dotted colored lines indicate the
exponentials that are most aligned with them. The bottom inset shows the convolution of the filter
with a step pulse.
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7.4 Identifying Orthogonal Exponentials

For each temporal receptive field in Figs. 2, 3, and S1, we numerically computed the cosine similarity
between the filter and a normalized exponential.

The cosine similarity S between two column vectors was computed as
_ X'y
Ix[lly

where ||u|| is the ¢? norm of the temporally discretized filter u € R", where n = 40 for the
Tufted/Mitral cells and n = 100 for the Retinal Ganglion cells.

S(x,y)

Exponentials had the form
E(t) = ce™

where ¢ was chosen such that the Lo norm defined over the range of non-zero values of the temporal
receptive field was 1. For tufted/mitral cells, o was swept between -10 and 10. For retinal ganglion
cells, a was swept between -30 and 30. The zero-crossing of the cosine similarity as a function of «

10



was identified as the « yielding an orthogonal exponential. The computation for all 1549 neurons
(204 Mitral/Tufted, 1345 RGCs) took less than 1 minute on a standard PC laptop (Intel 17-1260P,
16GB RAM).

non-lagged cell lagged cell

200 . 0 200 400 0 1
Time (msec) Time (sec) Time (msec) Time (sec)
n
B e m— R e m—
off off

(=]

Normalized Response
LR o N
5 [
o
- o -
o
- 1TH
N
L o -

-]
3
o

Figure S2: Sample temporal receptive fields and step responses from non-lagged and lagged cells of
the cat LGN [[10]. When comparing the temporal receptive fields with those in Fig. 3 and Fig. S1,
note that the time axis is inverted. Step response lag accounts for the naming of the ceslls.
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